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LECTURE 6.    The Generalization of the Continued Fraction.
In the last lecture the algebraic continued fraction was presented under the form of a series of approximants for a given function. An immediate generalization of this conception can be obtained either by increasing the number of points at which an approximation is sought or by requiring a simultaneous approximation to several functions. The latter generalization results at once from an attempt to increase the dimensions of the algorithm or, in other words, the number of terms in the linear relation of recurrence between the successive convergents or approximants. As this generalization is without doubt the more important, I shall make it the chief subject of this lecture. But a few words, at least, should be devoted to the former extension, which is worthy of a more careful and systematic study than it has received.
Denote again by Np(x)/D,(x) a rational fraction with arbitrary coefficients. These can, in general, be so determined that its ex-pansion at x = 0 shall agree for nt successive terms with a given series                                     '
C0  + C1X + G2X* +   ' ' '
its expansion at x = al for n2 successive terms with
at x = a2 for n3 successive terms with
A0 + \(x - O 4- k2(x - a2)2 + • • • ,
and so on, the total number of conditions thus imposed being equal to p + q + 1 or the number of parameters in the rational fraction, To each set of values for the n. and q there corresponds an approximant, and the various approximants can be arranged into a table of multiple entry according to the values of these quantities. Continued fractions, at least in the case of a normal table, can then be obtained by following any path which passes successively from one approximant to another contiguous to it but more advanced in the table. As we proceed along the path, the degree of approximation for each of the points 0, av aa, • • • must not decreaseand classes of functions, is it too much to expect that in the future they will throw a powerful searchlight upon the continuation of analytic functions and the theory of divergent series ?
